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Abst rac t - -The  diffusive scaling of many finite-velocity kinetic models leads to a small-relaxation 
time behavior governed by reduced systems which are parabolic in nature. Here we demonstrate that 
standard numerical methods for hyperbolic onservation laws with stiff relaxation fail to capture the 
right asymptotic behavior. We show how to design numerical schemes for the study of the diffusive 
limit that possess the discrete analogue of the continuous asymptotic limit. Numerical results for a 
model of relaxing heat flow and for a model of nonlinear diffusion are presented. 
Keywords- -Hyperbol ic  system with stiff relaxation, Diffusive limit, Splitting method, Relaxation 
schemes. 
1. INTRODUCTION 
In the kinetic theory of rarefied gases, two-velocity models of the discrete Boltzmann equation 
describe the behavior of a fictitious gas of two kinds of particles that  move parallel to the x-axis 
with constant and equal speed. So we can consider at time t the particles with a density u(x, t), 
which move in the positive x-direction, and the particles which move in the negative x-direction 
with a density v(x, t). The most general two-speed gas, which is in local equilibrium when u = v, 
is described by the following hyperbolic system: 
Ou Ou 
O--i + c~ = k(v - u), 
Ov Ov 
ot c~ = k (u -  v), (1) 
x e l~, t > O, 
where the collision kernel k = k(u, v, x) is a nonnegative function which characterizes the binary 
interactions between particles. 
In the diffusive scaling, we consider the normalized system of equations (1) in the form 
Ou 10u 1 
+ -~ - ~ k(v - u), 
Ov 10v -~l k( u v), 
Ot e Ox 
xeR,  t>_O. 
(2) 
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In (2), e 2 is called the relaxation time and the limit problem for e --* 0 is called diffusive limit. 
When e << 1, both the collision terms and the spatial derivatives are called stiff. 
In the sequel, for simplicity we will restrict our analysis to collision kernels of the type k(u, v, x) 
= k(u + v). The most famous example of these types of models was introduced by Carleman [1] 
and corresponds to the choice k(u + v) = u + v. 
The macroscopic variables for the two-velocity kinetic model (2) are the mass density p = u+v, 
and the flux J~ = (u -  v)/e. Then, the diffusive scaling problem (2) is equivalent to the following: 
Op OJ ~ 
o--7 + -gF  =o, 
OJ~ot +~xx =10p _12k(p)j~._~ 
(3) 
As ( ~ 0, (3b) relaxes to the local equilibrium j0 __ _(2k(p))-loO_~x and p formally satisfies the 
nonlinear diffusion equation 
op (0p)2 
0--~ + A(p) ~x = ~(P) 02x ' (4) 
where A(p) = (2k(p))-2d~--(p p) and B(p) = (2k(p)) -1. 
Theoretical studies for these relaxation problems began with Kurz [2] and McKean [3] for the 
Carleman model. For more general collision kernels of the type k(p) = p-~ for a > -1,  the study 
of the diffusive limit was performed recently in [4]. From a numerical point of view, semidiscrete 
numerical methods for similar problems have been studied by Jin and Levermore [5]. 
Here we would like to investigate the possibility of obtaining the macroscopic behavior de- 
scribed by the equilibrium system (4) by solving the original kinetic system (3) with coarse grids 
At, Ax >> e 2. Critical to this type of problem is that the underresolved numerical methods, 
although stable, may yield spurious numerical solutions totally unphysical [6]. 
As a first but crucial step, we will concentrate on the stiff regime, that is to say when e << 1. 
We will demonstrate hat in the diffusive regime, most of the popular methods for the solution to 
hyperbolic onservation laws with stiff relaxation present several imitations and fail to capture 
the right behavior of the limit equilibrium equation unless the small relaxation rate is resolved by 
a fine spatial grid. We show how to overcome this new difficulty and how to construct numerical 
schemes with the correct diffusive limit. 
2. NUMERICAL  APPROXIMATION 
The diffusive limit is more challenging for numerical methods than the corresponding fluid- 
dynamic limit [7,8], because in addition to the stiff relaxation term, the convection term is also 
stiff. Since the characteristic speed of the homogeneous hyperbolic system is of order l/e, the 
usual approach of keeping the convective part explicit and the collision part implicit leads to a 
stability constraint of the type At ~ eAx. Clearly, this is too restrictive near the parabolic regime 
c < Ax where a condition of the type At ~ Ax 2 is expected. For example, characteristic-based 
numerical schemes [9], because the characteristic mesh requires At = eAx, do not allow us to 
obtain a limit stability constraint independent of c. 
First, we want to emphasize that this problem is not merely a numerical stability problem. In 
fact, the popular splitting of the convection from the collision part, although solved with a stable 
method, does not provide the correct diffusive behavior as e --* 0. This operator splitting consists 
in solving separately the homogeneous hyperbolic problem and the ordinary differential equations 
associated to system (2). In the small relaxation limit, e --* 0, we obtain the equilibrium equations 
o_~ _- 0, ~ -- 0, that clearly are inconsistent with the diffusive limit (4). The construction of (ot 
consistent operator splitting methods for this type of problem has been studied recently in [10,11]. 
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We will introduce the spatial grid points Xi+l/2, i . . . .  , -1 ,  0, 1, . . .  with uniform mesh width 
Ax = xi+l/2 - xi-1/2. The discrete time level t n are also spaced uniformly with time step 
At  = t n+l - t n for n = 0, 1, 2 , . . . .  As usual, we denote by U~n+l/2 = U(Xi+l/2,t  n) the nodal 
values and by U~' the cell averages of U in the cell [xi-1/2, xi+l/2] at time t '~ 
1 f~'+'/' U (x, t ~) dx. 
In order to write a stable discretization to system (3), we can use implicit temporal integrators 
on the stiff terms. Because the stiffness of the convection term depends on the size of the 
two eigenvalues + l /e  of the Riemann invariant form (2) of system (3), both convection terms 
have to be implicit. However, a fully implicit scheme causes global data dependencies, a severe 
disadvantage if we consider second-order nonlinear upwind schemes using slope limiters. Further, 
the gain of stability is partially offset by the loss of accuracy typical of implicit schemes in the 
context of wave-propagation phenomena. 
Thus, we consider the following semi-implicit discretization i  conservative form: 
PT+~ - P~ + J2"+~/: - J2%/~ = o, (Sa) 
At  Ax  
pn+l n+l C+I - J~ 1 i+1/2 - -  Pi-1/2 1 j~+l  
+ - -  = ---~2k (p~+l) (5b) 
At e 2 Ax e- " " 
With the aim to expose the basic ideas more clearly, we will assume in the sequel k(p) = 1/2, 
and hence, A = 0 and B = 1 in (4). In this case, the equilibrium equation is the heat equation. 
We will see how to remove this restriction at the end of the section. 
To specify the scheme, we need to relate the nodal flux values Pi±1/2, Ji+1/2 to the cell averaged 
values p~, J~. The most natural way to solve (5) is to use at the generic time t n the standard 
upwind selection 
1 e 
p~±l/~ = ~ (p~ + p;'±l) + ~ (J? - J?~l), 
(a) 
n 1 I n 
J~-1-1/2 = ~ (g? + J?+l) + ~ (pn _ P,±I) • 
It is easy to verify that the use of (6) in the discrete equation (5) for small values of ~ leads to 
the scheme 
pn+l p? ,~ + n _ 2p? Ax  n + p~_~ _ 2p? -- Pi+2 Pi-2 fli+l 
- = 0 ,  (7 )  
At (2Ax) 2 2e Ax 2 
which corresponds to the modified equation [5,11] 
Op _ 02p Ax  02p 
- -  + - - - -  (8 )  
Ot 02x 2e 02x" 
Hence, if Ax _> 2e, the numerical dissipation rate will be comparable or dominate the physical 
dissipation and the numerical solution will dissipate faster then the physical one. We also have to 
solve temporally the stiffness of this numerical dissipation term and hence the CFL condition is 
once again of the type At ..~ eAx. In addition, second-order extension of (6) using slope limiters 
give a system of nonlinear equations in j~+l  which has to be solved using iterative methods. 
We propose two different way of constructing numerical schemes with the correct asymptotic 
behavior avoiding solving nonlinear algebraic equations. The main idea is to use modified explicit 
upwind schemes for equation (5a) combined with an implicit center difference scheme for equa- 
tion (5b). The main motivation is given by the fact that, although we have implicit relaxation 
terms, the new value p~+l and j~+l  can be evaluated at the cost of an explicit scheme. 
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In fact, using the center difference selection for Pill~2 
, 1 
Piq-1/2 = 2 (P? + P?q-1) 
in the second equation (5b) 
^~+1 _ P?+I' jn+l  _ j~ + 1 Mi+l 
At c 2 2Ax j~+i,  
(9) 
(10) 
we have an implicit scheme in time that can be solved explicitly, since the values of p~+l can be 
easily computed from the first equation in (5a) and the term in j~+l is linear. In addition, as 
e ---* 0 (10) projects over the correct local equilibrium 
pn+l  ^n+l i+1  - -  Pi--1 jn+l  = (11) 
2Ax 
A particular effective way to compute the fluxes g~n:l:l/2 has been introduced in [5]. The idea 
is to build into the numerical schemes the asymptotics that lead from the hyperbolic system 
to the parabolic equation in an implicit way. Applying this idea to (3), we obtain the upwind 
determination of the fluxes 
e 1 
J~nzkl/2 -- 2E -~ AX ( jn  .~_ J~kl) ± 2~ "Jr" A--------~ (p? -- Pi%l) " (12) 
Upon substituting (12) into the conservative form (5a), we obtain the scheme 
p~+l_p i  - i+ i -  i - i  P i+ l+P i - l -2p  n =0.  
At -e e 2eAx + Ax 2 -- 2eAx + Ax 2 (13) 
As e ~ 0 (13) gives 
p~+l _ p? P~+I + p~-i - 2p? 
At Ax 2 = 0, (14) 
which is a consistent and stable discretization of the heat equation under the parabolic CFL 
condition At < Axe~2. 
The upwind selection (6) can be modified in another way so as to capture the proper parabolic 
behavior. The idea now is to apply the upwind selection on the variables (p ± J) /2 instead of 
the characteristic variables (p ± e J)~2. This can be better understood by rewriting system (3) in 
the form [10,11] 
Op OJ ~ 
o-7 + -5E~ =0, 
( op) (15) 
og'o___t_ + oxOP _ e 21 2k(p)Z" + (1 - e 2) ~xx 
Thus, (p± J) /2 are the characteristic variables of the nonstiff problem which lead to the modified 
fluxes 
n 1 n 1 
J;+i/2 = -~ (J~ + J;±l) ± ~ (P? - PS i ) .  (16) 
With these fluxes, the discrete quation (5a) leads to 
pn+l _ pn + J~- i  - J~- I  _ Pin+i + Pin--1 - 2p~ (17) 
At 2Ax 2Ax 
For small values of e, applying (11) to (17), we have 
pn+l _ pn pn+2 -$- pn_ 2 -- 2p~ Ax pn+l -t- pin_l -- 2p~ 
- = 0,  (18)  At (2Ax) 2 2 Ax 2 
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which is an approximation of the equilibrium heat equation with an accuracy of O(Ax/2)  under 
a CFL condition of diffusive type At ,,, Ax 2. 
For general k(p), it is easy to see that the discretization defined by (9) and (16) applies to the 
discrete equation (5) without any modification and has the correct diffusion limit. In fact, the 
value of k(p~ +1) can be computed irectly from the first equation. On the contrary, the upwind 
selection (12) depends on the equilibrium state. Instead of (12), we have to consider 
J~n4.1/2 = 2~ ~- nx]g (/4"1/2) ( J~ + J~4"1) -t- ) °n' 
It is straightforward to also show that the scheme defined by (9) and (19) in the small relaxation 
limit provides a consistent discretization of (4) under a parabolic stability condition. We remark 
that the particlar case k(p) - 0 is not considered by our present approach. 
Finally, we emphasize that because we use centered approximation i (5b), the development of
second-order schemes in space follows naturally simply considering high-order extension of (12) 
~md (16)in (5a). 
3. NUMERICAL  RESULTS 
In this section, we apply the schemes in different situations. These include a model of relaxing 
heat flow and a model of nonlinear diffusion. First, we consider the case k(p) = 1/2 in (3) which 
corresponds to the so-called hyperbolic heat equations [9]. As e --* 0, the model relaxes towards 
the heat equation given by (4) for A = 0 and B = 1. We now test the methods for e = 10 -s by 
solving a Riemann problem with the initial data 
PL = 2.0,  jL  = O, 0 ( X < 0.5, 
(20) 
PR ---- 1.0, jR= O, 0.5 <: x < 1, 
on the interval [0, 1]. We take 100 spatial cells and At = 0.005. The boundary condition is 
numerical reflecting. We compare the numerical results with the 'exact' solution obtained with a 
fine spatial grid of 5000 cells. The solution, output at t -- 0.04 and depicted in Figure la, contains 
a right-moving viscous hock wave. As can be seen, although the relaxation time is underresolved, 
both the numerical schemes we developed here capture the correct parabolic behavior given by 
the heat equation. On the contrary, the upwind scheme decays at unphysical rates. 
Next we take a nonlinear case by choosing k(p) = (2p) -1. In the small relaxation limit, the 
model leads to the porous media equation given by (4) for A = 2 and B --- 2p. We test the 
schemes by comparing the numerical solution with the solution of the porous medium equation 
given analytically by Barenblatt [12] 
p(z,t)= 1-  , I x l<r ( t ) ,  (21) 
0, Ixl > r(t), 
where r(t) = [12(t + 1)] 1/3' t _~ 0, and x E [-10, 10]. 
The numerical solutions at time t = 0.3 are plotted in Figure lb for e = 10 -s, with 100 
spatial cells and At = 0.05. Again, although the relaxation time is underresolved, the schemes 
describe well the dynamic of the two viscous shock fronts left-moving and right-moving. The 
wrong behavior of the upwind scheme is also shown. 
4. F INAL  REMARKS 
We have introduced a way of constructing underresolved numerical schemes for kinetic equa- 
tions in diffusive regimes. We indicate that for these type of problems, standard numerical 
34 
1.9 
1.8 
G. NALDI AND L. PARESCHI 
i l i J 
1.6 
1.5 
1.4 
1.3 
1.2 
1.1 
1 
0 
1.8 
1.6 
1.4 
1.2 
1 
0.8 
0.6 
0.4 
0.2 
-10 
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 
(a) 
i i i ~ J = J = = 
-8 -6 -4 -2 0 2 4 6 8 10 
(b) 
Numerical  solutions for e = 10 - s  of the  heat flow model  (a) with initial 
methods for hyperbolic onservation laws present several imitations and fail to describe the 
right parabolic behavior unless the relaxation time is not spatially resolved. To design schemes 
with the correct physical behavior, they should have a discrete analogous of the asymptotic limit 
of the continuous ystem. Although we carry out our analysis for first-order schemes and simple 
2 x 2 systems, the spirit of the analysis extends imilarly to high-order schemes and more com- 
Figure 1. 
data  (20) and of the nonl inear porous media model (b) with initial data  (21) for the 
different schemes. Scheme (12) (x )  and scheme (16) (o). The  wrong behavior of the 
upwind scheme (+) for e = 10 -3  under the CFL  condit ion At  ~ eAx at the same 
t ime is also shown. 
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plicated systems. Here we concentrate on developing the basic ideas. The development of fully 
second-order schemes and of a numerical analysis theory will be presented elsewhere [11]. 
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